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1. Introduction
The experimental discovery of graphene (single monolayers of graphite) (Novoselov et al,
2004; 2005) and its extraordinary properties due to the Dirac-like spectrum of its
charge carriers have fostered an enormous literature reviewed by a number of authors
(Castro Neto et al., 2009; Geim & Novoselov, 2007; Geim, 2009; Vozmediano et al., 2010).
The electronic, chemical, thermal and mechanical properties of graphene are exceptionally
sensitive to lattice imperfections (Castro Neto et al., 2009; Geim & Novoselov, 2007). These
defects and even the ripples that always cover suspended graphene sheets (Fasolino et al.,
2007; Meyer et al., 2007) induce pseudo-magnetic gauge ﬁelds (Vozmediano et al., 2010) and
have given rise to the notion of strain engineering (Guinea et al., 2009). Thus the study of
defects and ripples in graphene is crucial and it has generated important experimental work
(Coleman et al., 2008; Gómez-Navarro et al., 2010; Meyer et al., 2008; Wang et al., 2008). Real
time observation of defect dynamics is possible using Transmission Electron Microscopes
(TEM) corrected for aberration that have single atom resolution (Meyer et al., 2008). In these
studies, defects are induced by irradiation and their evolution is observed in a time scale of
seconds (Meyer et al., 2008), much longer than sub-picosecond time scales typical of sound
propagation in a primitive cell.
The graphene lattice is hexagonal and defects appear in different forms: pentagon-heptagon
(5-7) pairs, Stone-Wales (SW) defects (two adjacent pentagon-heptagon pairs in which
the heptagons share one side, denoted in short as 5-7-7-5 defects) (Meyer et al., 2008),
pentagon-octagon-pentagon (5-8-5) divacancies (Coleman et al., 2008), asymmetric vacancies
(nonagon-pentagon or 9-5 pairs) and more complicated groupings such as 5-7-7-5 and 7-5-5-7
adjacent pairs or defects comprising three pentagons, three heptagons and one hexagon
(Meyer et al., 2008). In other two dimensional (two-dimensional) crystals such as Boron
Nitride (hBN) symmetric vacancies in which one atom is missing have been observed
(Meyer et al., 2009). On the long time scale of seconds and for unstressed graphene,
Stone-Wales defects are unstable: their two pentagon-heptagon pairs glide towards each other
and annihilate, and the same occurs to defects comprising three pentagons, three heptagons
and one hexagon, whereas 5-7-7-5 and 7-5-5-7 adjacent pairs remain stable (Meyer et al., 2008).
In stressed graphene oxide samples, SW defects split into their component 5-7 pairs which
then move apart (Gómez-Navarro et al., 2010). While most theoretical studies on the inﬂuence
of defects in electronic properties assume a given defect conﬁguration and then proceed to
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analyze its effects (Castro Neto et al., 2009; Vozmediano et al., 2010), it is important to predict
defect stability and evolution.
In recent work, we have explained the observed long time defect dynamics in graphene
by considering defects as the core of edge dislocations or dislocation dipoles in a
planar two-dimensional hexagonal lattice (Carpio & Bonilla, 2008; Carpio et al., 2008). Our
theory is a computationally efﬁcient alternative to ab initio approaches such as molecular
dynamics or density functional theory (Abedpour et al., 2007; Fasolino et al., 2007; Segall,
2002; Thompson-Flagg et al., 2009). Our top-down approach starts from linear elasticity.
We discretize continuum linear elasticity on a hexagonal lattice and replace differences
of vector displacements along primitive directions by periodic functions thereof which
are linear for small differences. Our periodized discrete elasticity allows dislocation gliding
along primitive directions and it reduces to continuum linear elasticity very far from
dislocation cores (Carpio & Bonilla, 2005). Introducing a large damping in the resulting
equations of motion and solving them numerically, we are able to predict the stable cores
corresponding to a given dislocation conﬁguration. Using this theory, we have predicted the
stability of pentagon-heptagon defects (that are the cores of dislocations) (Carpio & Bonilla,
2008; Carpio et al., 2008). Similarly, a study of dislocation dipoles in unstressed samples
(Carpio & Bonilla, 2008; Carpio et al., 2008) predicts that SW are unstable whereas symmetric
vacancies, divacancies and 7-5-5-7 defects are stable. In stressed samples, our theory predicts
that Stone-Wales defects split into two 5-7 pairs that move apart (Carpio & Bonilla, 2008), as
conﬁrmed later by experiments (Gómez-Navarro et al., 2010).
In this chapter, we ﬁrst describe periodized discrete elasticity for a planar graphene sheet
and explain the evolution of several defects considered as cores of dislocations or dislocation
dipoles. We then explain how an extension of our theory may describe a suspended graphene
sheet in three dimensions, which is able to bend away from the planar conﬁguration. We
also discuss how to incorporate a mechanism for the formation and evolution of ripples. The
rest of the chapter is as follows. Periodized discrete elasticity and its equations of motion
are explained in Section 2 for a planar graphene sheet. The stable cores corresponding to
the far ﬁeld of a single edge dislocation and a single dislocation dipole are used in Section
3 to illustrate the way defects are constructed numerically. Our results are also compared to
available experiments in graphene and other two-dimensional crystals, in particular to those
by Meyer et al. (2008). Section 4 contains the extension to three space dimensions. We assume
that the suspended sheet has a trend to locally bend upwards or downwards represented
by an Ising spin. These spins are coupled to the carbon atoms in the sheet, are in contact
with a thermal bath and evolve stochastically according to Glauber dynamics. Damping
is caused by coupling to the bath and by Glauber dynamics. The formation of ripples in
suspended graphene sheet is explained as a phase transition from the planar sheet that
occurs below a certain critical temperature. Numerical solutions of the equations of motion
illustrate the theoretical results and in particular show ripples and curvature of the sheet near
a pentagon-heptagon defect. The last section is devoted to our conclusions.

2. Periodized discrete elasticity of planar graphene
In the continuum limit, small elastic deformations of graphene sheets have a free energy
Fg =

κ
2



(∇2 w)2 dxdy +

1
2



(λu2ii + 2μu2ik ) dxdy,

(1)
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corresponding to a membrane (Nelson, 2002), in which u ik , u = (u1 , u2 ) = (u ( x, y), v( x, y)),
w( x, y), κ, λ = C12 and μ = C66 are the in-plane linearized deformation tensor, the in-plane
displacement vector, the vertical deﬂection of the membrane, the bending stiffness (measured
in units of energy) and the Lamé coefﬁcients (Landau & Lifshitz, 1986) of graphene (graphite
is isotropic in its basal plane so that C11 = λ + 2μ), respectively. We have used the convention
of sum over repeated indices. In (1), ∇2 w = ∂2x w + ∂2y w is the two-dimensional laplacian and
the two-dimensional Lamé coefﬁcients have units of energy per unit area. Dividing by the
distance between graphene planes in graphite, 0.335 nm, they can be converted to the usual
units for 3D graphite. The in-plane linearized deformation tensor is
u ik =

1
(∂ xk u i + ∂ xi u k + ∂ xi w∂ xk w) ,
2

i, k = 1, 2,

(2)

in which we have ignored the small in-plane nonlinear terms ∂ xi u∂ xk u + ∂ xi v∂ xk v.
In this section, we shall consider that only in-plane deformations are possible so that w =
0. Then the equations of motion derived from (1)-(2) are the Navier equations of linear
elasticity for (u, v) (Landau & Lifshitz, 1986). If we add to these equations a phenomenological
damping with coefﬁcient γ (to be ﬁtted to experiments), we have
ρ2 ∂2t u + γ ∂t u = (λ + 2μ ) ∂2x u + μ ∂2y u + (λ + μ ) ∂ x ∂y v,
ρ2 ∂2t v + γ ∂t v

=

μ ∂2x v + (λ + 2μ ) ∂2y v + (λ + μ ) ∂ x ∂y u,

(3)
(4)

where ρ2 is the two-dimensional mass density. The governing equations of our theory
are obtained from (3)-(4) in a three step process (Carpio & Bonilla, 2008): (i) discretize
the equations on the hexagonal graphene lattice, (ii) rewrite the discretized equations in
primitive coordinates, and (iii) replace ﬁnite differences appearing in the equations by
periodic functions thereof in such a way that the equations remain invariant if we displace
the atoms one step along any of the primitive directions. The last step allows dislocation
gliding.
2.1 Discrete elasticity

Let us assign the coordinates ( x, y) to the atom A in sublattice 1 (see Figure 1). The origin of
coordinates, (0, 0), is also an atom of sublattice 1 at the center of the graphene sheet. The three
nearest neighbors of A belong to sublattice 2 and their cartesian coordinates are n1 , n2 and n3
below. Its six next-nearest neighbors belong to sublattice 1 and their cartesian coordinates are
n i , i = 4, . . . , 9:






a
a
a
a
a
n1 = x − , y − √
, n2 = x + , y − √
, n3 = x, y + √
,
2
2
2 3
2 3
3


√ 
√ 
a
a 3
a
a 3
, n5 = x + , y −
, n6 = ( x − a, y),
n4 = x − , y −
2
2
2
2



√
√ 
a
a 3
a
a 3
n7 = ( x + a, y), n8 = x − , y +
, n9 = x + , y +
.
(5)
2
2
2
2
In Fig. 1, atoms n6 and n7 are separated from A by the primitive vector ± a and atoms n4 and
n9 are separated from A by the primitive vector ± b. Instead of choosing the primitive vector
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Fig. 1. Neighbors of a given atom A in sublattice 1 (light colored atoms).

± b, we could have selected the primitive direction ± c along which atoms n8 , A and n5 lie.
Let us deﬁne the following operators acting on functions of the coordinates ( x, y) of node A:

 a2
,
Tu = [ u (n1 ) − u ( A)] + [ u (n2 ) − u ( A)] + [ u (n3 ) − u ( A)] ∼ ∂2x u + ∂2y u
4
2
2
Hu = [ u (n6 ) − u ( A)] + [ u (n7 ) − u ( A)] ∼ (∂ x u ) a ,


√
1 2
3
3 2
∂ u+
∂ x ∂ y u + ∂ y u a2 ,
D1 u = [ u (n4 ) − u ( A)] + [ u (n9 ) − u ( A)] ∼
4 x
2
4


√
1 2
3
3 2
D2 u = [ u (n5 ) − u ( A)] + [ u (n8 ) − u ( A)] ∼
∂ u−
∂ x ∂ y u + ∂ y u a2 ,
4 x
2
4

(6)
(7)
(8)
(9)

as the lattice constant a tends to zero. Similar operators can be deﬁned if we replace the point
A in sublattice 1 by a point belonging to√the sublattice 2. Now we replace in (3) and (4),
Hu/a2 , (4T − H )u/a2 and ( D1 − D2 )u/( 3a2 ) instead of ∂2x u, ∂2y u and ∂ x ∂y u, respectively,
with similar substitutions for the derivatives of v, thereby obtaining the following equations
at each point of the lattice:
λ+μ
ρ2 a2 ∂2t u + γ ∂t u = 4μ Tu + (λ + μ ) Hu + √ ( D1 − D2 )v,
3
λ+μ
2 2
ρ2 a ∂t v + γ ∂t v = 4(λ + 2μ ) Tv − (λ + μ ) Hv + √ ( D1 − D2 )u.
3

(10)
(11)

These equations have two characteristics time scales, the time ts = ρ2 a2 /(λ + 2μ ) it takes
a longitudinal sound wave to traverse a distance a, and the characteristic damping time,
td = γa2 /(λ + 2μ ). Using the known values of the Lamé coefﬁcients (Lee et al., 2008;
Zakharchenko et al., 2009), ts ≈ 10−14 s. Our simulations show that it takes 0.4td a SW to
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disappear after it is created by irradiation which, compared with the measured time of 4 s
(Meyer et al., 2008), gives td ≈ 10 s. On a td time scale, we can ignore inertia in (10)-(11).
2.2 Nondimensional equations in primitive coordinates

We now transform√(10)-(11) to the nondimensional primitive coordinates u  , v taking u =
a(u  + v /2), v = 3av /2, use the nondimensional time scale t = t/td and ignore inertia,
thereby obtaining




4μTu 
λ+μ
D − D2
D − D2
(12)
H− 1
u + H + 1
+
− 2T v ,
∂t u  =
λ + 2μ
λ + 2μ
3
3


2 λ+μ
λ + μ D1 − D2
( D1 − D2 )u  + 4Tv +
− H v .
(13)
∂t v =
3 λ + 2μ
λ + 2μ
3
2.3 Periodized discrete elasticity

Equations (12) - (13) do not allow for the changes of neighbors involved in defect motion.
One way to achieve these changes is to update neighbors as a defect moves. Then (12) and
(13) would have the same appearance, but the neighbors n i would be given by (5) only at the
start. At each time step, we keep track of the position of the different atoms and update the
coordinates of the n i . This is commonly done in Molecular Dynamics, as computations are
actually carried out with only a certain number of neighbors. Convenient as updating is, its
computational cost is high and analytical studies thereof are not easy.
In simple geometries, we can avoid updating by introducing a periodic function of
differences in the primitive directions that automatically describes link breakup and union
associated with defect motion. Besides greatly reducing computational cost, the resulting
periodized discrete elasticity models allow analytical studies of defect depinning and motion
(Carpio & Bonilla, 2003; 2005). Another advantage of periodized discrete elasticity is that
boundary conditions can be controlled efﬁciently to avoid spurious numerical reﬂections at
boundaries.
To restore crystal periodicity, we replace the linear operators T, H, D1 and D2 in (12) and (13)
by their periodic versions:
Tp u  = g(u  (n1 ) − u  ( A)) + g(u  (n2 ) − u  ( A)) + g(u  (n3 ) − u  ( A)),
H p u  = g(u  (n6 ) − u  ( A)) + g(u  (n7 ) − u  ( A)),

D1p u  = g(u  (n4 ) − u  ( A)) + g(u  (n9 ) − u  ( A)),
D2p u  = g(u  (n5 ) − u  ( A)) + g(u  (n8 ) − u  ( A)),

(14)

where g is a periodic function, with period one, and such that g( x ) ∼ x as x → 0. In this work,
g is a periodic piecewise linear continuous function:
g( x ) =

x,
− 1−2α2α x +

α
1−2α ,

− α ≤ x ≤ α,
α ≤ x ≤ 1 − α.

(15)

The parameter α controls defect stability and mobility under applied stress. It should
be sufﬁciently large for elementary defects (dislocations, vacancies) to be stable at zero
applied stress, and sufﬁciently small for dislocations to move under reasonable applied stress
(Carpio & Bonilla, 2005). We use α = 0.4 to account for experimentally observed stability

172

Graphene
Simulation
Will-be-set-by-IN-TECH

6

properties of the defects. For lower values, the stable defect described in section 4 loses
the Stone-Wales component. The periodic function g can be replaced by a different type of
periodic function to achieve a better ﬁt to available experimental or numerical data.

3. Stable cores of dislocations and dislocation dipoles in planar graphene
3.1 Boundary and initial conditions for a single dislocation

We solve (12)-(13) with the periodic operators Tp , H p , D1p and D2p , using as initial and
boundary conditions the far ﬁeld of appropriate dislocations which are the stationary
solutions of the linear elasticity equations (Landau & Lifshitz, 1986). Since the latter are a
good approximation four spacings away from the core of SW defects in graphene, and our
model equations seamlessly reduce to linear elasticity in the far ﬁeld, we use a relatively
small lattice with 19 × 19 spacings (2 × 18 × 18 carbon atoms) in our numerical simulations
(Carpio & Bonilla, 2008). Consider ﬁrst the case of a single edge dislocation with Burgers
vector ( a, 0) and displacement vector u = (u ( x, y), v( x, y))
y
a
xy
,
tan −1
+
2π
x
2(1 − ν)( x2 + y2 )

 2
a
1 − 2ν
y2
x + y2
,
−
ln
+
v=
2
2π
4(1 − ν )
a
2(1 − ν)( x2 + y2 )

u=

(16)

where ν = λ/[2(λ + μ )] is dimensionless; cf. page 114 of (Landau & Lifshitz, 1986). (16) has a
singularity ∝ ( x2 + y2 )−1/2 at the origin of coordinates and it satisﬁes C (dx · ∇)u = −( a, 0),
for any closed curve C encircling the origin. Using (16), we
√ write u = (u, v) in primitive
 (l, m ) = [ u ( x − x , y − y ) − v( x − x , y − y )/ 3] /a, V  (l, m ) = 2v( x − x , y −
coordinates,
U
0
0
0
0
0
√
√
y0 )/( a 3), where x = ( x  + y /2) a, y = 3 ay /2, x  = l, y = m (integers) and ( x0 , y0 ) =
(0, 0) to avoid that the singularity in (16) be placed at a lattice point. To ﬁnd defects, we
solve the periodized versions of the discrete elasticity equations (12)-(13) with the initial and
boundary conditions:
u  (l, m; 0) = U (l, m),

and

u  (l, m; t) = U (l, m) + F (m, 0)

at lattice boundaries. (17)

Here F is a dimensionless applied shear stress. For | F | < Fc (Peierls stress), the solution
of the periodized version of (12)-(13) relaxes to a stable dislocation (u  (l, m), v (l, m)) with
appropriate far ﬁeld, which is (16) if F = 0.
Numerical simulations give us the location of carbon atoms at each time t. We represent atoms
by spheres of arbitrary size. As a guide to the eye and to visualize defects more easily, we
have attached ﬁctitious bonds to these spheres (Carpio & Bonilla, 2008; Carpio et al., 2008).
Depending on the location of the singularity ( x0 , y0 ), there are two possible conﬁgurations
corresponding to the same edge dislocation in the continuum limit. If ( x0 , y0 ) is placed
between two atoms that form any non-vertical side of a given hexagon, the core of the
deformed lattice (l + u  (l, m), m + v (l, m)) is a 5-7 (pentagon-heptagon) defect. If ( x0 , y0 ) is
placed in any other location different from a lattice point, the core of the singularity forms
an octagon having one atom with a dangling bond (Carpio & Bonilla, 2008; Carpio et al.,
2008). Stable 5-7 defects are commonly observed in experiments (Gómez-Navarro et al., 2010;
Meyer et al., 2008; 2009), whereas adsorbed atoms (not considered in our model) may attach
to a dangling bond thereby destroying the octagon conﬁguration.
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Fig. 2. (a) Symmetric vacancy. (b) Asymmetric vacancy (nonagon-pentagon defect).

Fig. 3. Pentagon-octagon-pentagon divacancy.

Fig. 4. (a) Stable 7-5-5-7 defect. (b) Unstable 5-7-7-5 Stone Wales defect.
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Fig. 5. Defects corresponding to two dislocation dipoles: (a) Stable conﬁguration comprising
a pair of 5-7-7-5 and 7-5-5-7 defects. (b) Metastable defect comprising three heptagons, three
pentagons and one hexagon.
3.2 Dislocation dipoles

A dislocation dipole is formed by two dislocations with opposite Burgers vectors, ± a.
Depending on how we place the origin of coordinates, different dipole conﬁgurations result.
Let U( x, y) be the displacement vector (16) of a single dislocation. We ﬁnd the dipole cores by
selecting as zero stress initial and boundary conditions U( x − x0+ , y − y0+ ) − U( x − x0− , y − y0− ),
√
with different ( x0± , y0± ). Let a, L = a/ 3, H = 3L/2 and h = L/2 be the lattice constant, the
hexagon side, the vertical distance between two nearest neighbor atoms belonging to the same
sublattice separated by one primitive vector b or c, and the vertical distance between nearest
neighbor atoms having different ordinate, respectively. We get:
• Vacancies: x0+ = −0.25a, y0+ = −0.8h + H/2 and x0− = −0.25a, y0− = −0.8h. This initial
conﬁguration is the asymmetric vacancy (9-5 defect) of Fig. 2(b), which evolves to the
symmetric vacancy of Fig. 2(a) under overdamped dynamics.
• Stable divacancy: x0+ = −0.25a, y0+ = −0.8h + H and x0− = −0.25a, y0− = −0.8h. Fig. 3.

• Stable 7-5-5-7 defect: x0+ = −0.25a + a, y0+ = −0.8h and x0− = −0.25a, y0− = −0.8h + H.
Fig. 4(a).
• Unstable Stone-Wales 5-7-7-5 defect: x0+ = −0.25a + a, y0+ = −0.8h and x0− = −0.25a,
y0− = −0.8h. Fig. 4(b). For F = 0, this initial conﬁguration corresponds to two
dislocations with opposite Burgers vectors that share the same glide line, and it evolves
to the undisturbed lattice when the dislocations move towards each other and annihilate.
3.3 Dislocation dipole pairs

We now study the evolution of conﬁgurations comprising two dislocation dipoles each. Fig.
5(a) depicts a stable defect consisting of a 5-7-7-5 SW defect adjacent to a rotated 7-5-5-7 defect:
U( x − x0+ , y − y0+ ) − U( x − x0− , y − y0− ) + Ũ( x̃ − x̃0+ , ỹ − ỹ0+ ) − Ũ( x̃ − x̃0− , ỹ − ỹ0− ), (18)
x0+ = −0.3a, y0+ = −0.7h + 2H,
x̃0+

= 0.3a + a,

ỹ0+

= 0.3h − H,

x0− = −0.3a − a, y0− = −0.7h + 2H,

x̃0− = 0.15a, ỹ0+ = 0.5h.

(19)

1759

Theory
of Defect
in Graphene
Theory of Defect
Dynamics inDynamics
Graphene

Here U( x, y) is the edge dislocation (16) with origin of coordinates at a central atom of type
A in Figure 1 and Burgers vector a (in units of the lattice constant a). Ũ( x̃, ỹ) is an edge
dislocation with Burgers vector b. To obtain Ũ( x̃, ỹ) in (18), we consider the axes ( x̃, ỹ)
rotated a π/3 angle from the axes ( x, y). Next we form a 7-5-5-7 defect by combining a
positive dislocation with Burgers vector ( a, 0) centered at ( x̃0+ , ỹ0+ ) and a negative dislocation
with Burgers vector (− a, 0) centered at ( x̃0− , ỹ0− ). Then the result is rewritten in the original
coordinates ( x, y). This is the same defect as reported in Figures 3(h) and (i) of Meyer
et al’s experiments (Meyer et al., 2008) and it remains stable under overdamped dynamics.
The 7-5-5-7 defect is stable (Carpio & Bonilla, 2008; Carpio et al., 2008), and this apparently
stabilizes our pair of dislocation dipoles for the selected initial conﬁguration. Other nearby
conﬁgurations evolve to two octagons corresponding to a dipole comprising two edge
dislocations with opposite Burgers vectors. As explained before, adsorbed atoms may be
attached to the dangling bonds thereby eliminating these conﬁgurations and restoring the
undisturbed hexagonal lattice.
Let us consider now two dislocation dipoles all whose component dislocations have Burgers
vectors directed along the x axis according to the initial and boundary condition depicted in
Figure 5(b) (a defect comprising three pentagons and three heptagons):
U( x − x0+ , y − y0+ ) − U( x − x0− , y − y0− ) + U( x − x̂0+ , y − ŷ0+ ) − U( x − x̂0− , y − ŷ0− ), (20)
x0+ = −0.3a + a, y0+ = −0.7h,
x̂0+

= −0.3a − a,

ŷ0+

x0− = −0.3a, y0− = −0.7h,

= −0.7h − H,

x̂0− = −0.3a, ŷ0+ = −0.7h − H.

(21)

Starting from a negative dislocation centered at ( x0− , y0− ) = (−0.3a, −0.7h), the ﬁrst dipole
adds a positive dislocation shifted one lattice constant to the right. The second dipole
√ consists
of a negative dislocation shifted
vertically
downwards
a
distance
H
=
3L/2
=
3a/2 (1.5
√
times the hexagon side, or 3/2 times the lattice constant) from ( x0− , y0− ) and a positive
dislocation which shifts horizontally to the left the previous one a distance equal to one lattice
constant. Under overdamped dynamics, this defect disappears as the positive and negative
dislocations comprising each dipole glide towards each other.
3.4 Comparison with results of experiments

Carbon atoms and defects in graphene sheets are visualized by operating at low voltage (≤ 80
kV, to avoid irradiation damage to the sample) a transmission electron aberration-corrected
microscope (TEAM) with appropriate optics (Meyer et al., 2008). This microscope is capable
of sub-Ångstrom resolution even at 80 kV and can produce real time images of carbon atoms
on a scale of seconds: each frame averages 1s of exposure and the frames themselves are
4 s apart (Girit et al., 2009; Meyer et al., 2008). The images obtained in experiments can be
used to determine the time evolution of defects in graphene created by irradiation or sample
treatment (Girit et al., 2009; Gómez-Navarro et al., 2010; Meyer et al., 2008; 2009).
As explained before, stable pentagon-heptagon defects but not isolated octagons with a
dangling bond are observed in experiments (Gómez-Navarro et al., 2010; Meyer et al., 2008;
2009). The octagon conﬁguration is quite reactive and may be destroyed by attaching an
adsorbed carbon atom, which is not contemplated in our model. Our theory indicates that
symmetric vacancies are stable and asymmetric ones are unstable. In experiments, both
symmetric and asymmetric vacancies are observed in unstressed graphene (Meyer et al.,
2008), whereas in single layers of hexagonal Boron Nitride (hBN) only symmetric vacancies
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are observed (Meyer et al., 2009), as predicted by our theory. See Carpio & Bonilla (2008)
for a possible mechanism to produce stable asymmetric vacancies in graphene. Stable 5-8-5
divacancies are also observed (Coleman et al., 2008). The annihilation of the 5-7-7-5 SW defect
in 4(b) (the heptagons share one side) 4 s after its creation is seen in Figures 3(c) and (d) of
the paper by Meyer et al. (2008). Our model predicts that SW under sufﬁcient strain split
in their two 5-7 pairs that move apart (cf Fig 6 in Carpio & Bonilla (2008)), which has been
observed very recently; cf Fig. 4(a) and (b) in Gómez-Navarro et al. (2010). Of the two pairs of
dislocation dipoles, the defect comprising four pentagons and four heptagons was observed
to be stable in Figures 3(h) and (i) in Meyer et al. (2008), whereas the defect comprising three
pentagons, three heptagons and one hexagon disappeared after a short time (Meyer et al.,
2008), as predicted by the numerical simulations of our model equations.

4. Ripples and defects in a three dimensional suspended graphene sheet
The ﬁrst observations of suspended graphene sheets showed evidence of ripples: ondulations
of the sheet with characteristic amplitudes and wave lengths (Meyer et al., 2007). Monte
Carlo calculations also showed ripple formation (Fasolino et al., 2007) and explored the
possibility that the ripples are due to thermal ﬂuctuations; see also Abedpour et al. (2007).
According to Thompson-Flagg et al. (2009), thermal ﬂuctuations would produce much smaller
ripples than observed in experiments and therefore this explanation does not seem likely.
Thompson-Flagg et al. (2009) explain ripples as a consequence of adsorbed OH molecules on
random sites. More recent experiments on graphene sheets suspended on substrate trenches
have shown that ripples can be thermally induced and controlled by thermal cycling in a clean
atmosphere (Bao et al., 2009) which seems to preclude the explanation based on adsorbed OH
molecules (Thompson-Flagg et al., 2009). Bao et al. (2009) use the difference in the thermal
expansion coefﬁcients of the graphene sheet (negative coefﬁcient) and its pinning substrate
(positive coefﬁcient) to vary the tension in the sheet which, in turn, governs the ripples
(Bao et al., 2009; Bunch et al., 2007).
In this section, we present a theory of ripples and defects in suspended graphene sheets based
on periodized discrete elasticity (Bonilla & Carpio, 2011). A suspended graphene sheet may
bend upwards or downwards and therefore it may be described by the free energy of the
membrane (1) with w = 0 in the continuum limit. Carbon atoms in the graphene sheet
have σ bond orbitals constructed from sp2 hybrid states oriented in the direction of the bond
that accommodate three electrons per atom. The remaining electrons go to p states oriented
perpendicularly to the sheet. These orbitals bind covalently with neighboring atoms and
form a narrow π band that is half-ﬁlled. The presence of bending and ripples in graphene
modiﬁes its electronic structure (Castro Neto et al., 2009). Out-of-plane convex or concave
deformations of the sheet have in principle equal probability and transitions between these
deformations are associated with the bending energy of the sheet. A simple way to model
this situation to consider that out-of-plane deformations are described by the values of an
Ising spin associated to each carbon atom. Then the vertical coordinate of each atom in the
graphene sheet is coupled to an Ising spin σ = ±1 in contact with a bath at temperature T and
that the spin system has an energy
Fs = − f



σ( x, y) w( x, y) dxdy,

(22)
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in the continuum limit. f has units of force per unit area. The spins ﬂip stochastically
according to Glauber dynamics at temperature θ (measured in units of energy). Thus at any
time t, the system may experience a transition from (u, v, w, σ ) to (u, v, w, R( x,y)σ ) at a rate
given by
ζ
W( x,y)(σ |u, v, w ) = [1 − β( x, y) σ( x, y)] ,
2


β( x, y) = tanh

f a2 w( x, y)
θ


,

(23)

(Glauber, 1963), where R( x,y) σ is the conﬁguration obtained from σ = {σ( x, y)} (for all points
( x, y) on the hexagonal lattice) by ﬂipping the spin at the lattice point ( x, y). The parameter ζ
gives the characteristic attempt rate for the transitions in the Ising system. Since the bending
energy of the graphene sheet is κ, the attempt rate should be proportional to an Arrhenius
factor:
 κ
ζ = ζ 0 exp −
,
(24)
θ
where ζ 0 is a constant.
The total free energy,
F = Fg + Fs =



λ
κ
(∇2 w)2 + u2ii + μu2ik − f σw dxdy,
2
2

(25)

is obtained from (1) and (22) and it provides the equations of motion (Bonilla & Carpio, 2011):


( ∂ x w )2 + ( ∂ y w )2
2
ρ2 ∂ t u = λ ∂ x ∂ x u + ∂ y v +
+ μ ∂ x [2∂ x u + (∂ x w)2 ]
2


+ μ ∂y ∂y u + ∂ x v + ∂ x w∂y w ,
(26)


( ∂ x w )2 + ( ∂ y w )2
ρ2 ∂2t v = λ ∂y ∂ x u + ∂y v +
+ μ ∂y [2∂y v + (∂y w)2 ]
2


+ μ ∂ x ∂y u + ∂ x v + ∂ x w∂y w ,
(27)
instead of (3)-(4) and


( ∂ x w )2 + ( ∂ y w )2
−κ (∇ ) w + λ∂ x
∂ x u + ∂y v +
∂x w
2



( ∂ x w )2 + ( ∂ y w )2
λ∂y
∂ x u + ∂y v +
∂y w
2


μ∂ x 2∂ x u∂ x w + (∂y u + ∂ x v)∂y w + [(∂ x w)2 + (∂y w)2 ] ∂ x w


μ∂y (∂y u + ∂ x v)∂ x w + 2∂y v∂y w + [(∂ x w)2 + (∂y w)2 ] ∂y w + f σ,


ρ2 ∂2t w

=
+
+
+

2 2

(28)

for w. In this section, we omit the phenomenological friction (with coefﬁcient γ) in the
equations of motion because the stochastic Glauber dynamics already provides an effective
friction for the spins which try to reach equilibrium at the bath temperature θ. The periodized
discrete elasticity corresponding to these equations is derived in the same fashion as for planar
graphene in Section 3, except that we need to add the new difference operators to those in
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(6)-(9):
Δ h u = u (n7 ) − u ( A) ∼ (∂ x u ) a,
a
Δ v u = u (n3 ) − u ( A ) ∼ (∂y u ) √ ,
3

(29)
(30)

Bw = [ Tw(n1 ) − Tw( A)] + [ Tw(n2 ) − Tw( A)] + [ Tw(n3 ) − Tw( A)] ∼

a4
(∇2 )2 w, (31)
16

as a → 0. The discrete elasticity equations are now (Bonilla & Carpio, 2011):
λ+μ
4μ
ρ2 a2 ∂2t u = 4μ Tu + (λ + μ ) Hu + √ ( D1 − D2 )v +
Δ w Tw
a h
3

+

λ+μ
[ Δ h w Hw + Δ v w ( D1 − D2 )w],
a

(32)

√

λ+μ
4 3
(λ + 2μ )Δ v w Tw
ρ2 a2 ∂2t v = 4(λ + 2μ ) Tv − (λ + μ ) Hv + √ ( D1 − D2 )u +
a
3

+

λ+μ
√ [ Δ h w ( D1 − D2 )w − 3Δ v w Hw],
a 3

(33)

√
Δh w
2Δ v w
( D1 − D2 )w Δ h w +
3(4T − H )v
Hw +
a
a

3Δ v w
λ+μ
λΔ w
+
(4T − H )w Δ v w +
( D1 − D2 )uΔ v w + √ h ( D1 − D2 )v
a
a
3a

ρ2 a2 ∂2t w =

λ + 2μ
a

Hu +

√
μΔ v w √
2Δ u
[ 3(4T − H )u + ( D1 − D2 )v + 3Hv] + h (2λT + μH )w
a
a
√


2 3Δ v v
2μ
Δ v
Δ v u + √h
+
[2λTw + μ (4T − H )w] +
( D1 − D2 )w
a
a
3
+

+

( Δ h w )2 + ( Δ v w )2
4μ
16κ
(2λT + μH )w + 2 Tw(4T − H )w − 2 Bw + f a2 σ.
a2
a
a

(34)

We have periodized these equations after writing them in primitive coordinates, adopted the
nondimensional time scale t = t/[ t] as in (12)-(13) and solved them numerically. In our
simulations, we have used the numerical values of the isothermal elastic moduli at 300K
provided by Zakharchenko et al. (2009), λ = 2.57 eV/Å2 , μ = 9.95 eV/Å2 , which agree
well with experiments (Lee et al., 2008) and with the values for graphite at the basal plane
(Blakslee et al., 1970). The bending coefﬁcient at 300 K is κ = 1.08 eV (Zakharchenko et al.,
2009). The time constant is [ t] = a ρ2 /(λ + 2μ ) = 1.1033 × 10−14 s because a = 2.461 Å
and we get ρ2 = 2160 × 3.35 × 10−10 = 7.236 × 10−7 kg/m2 from the three-dimensional
mass density of graphite (the distance between graphene planes in graphite is 3.35 Å). We use
f = 0.378 meV and 1/ζ = 10 s (Bonilla & Carpio, 2011). 1/ζ is the characteristic time it takes
a spin to ﬂip, i.e., the time it takes a portion of the graphene sheet to change its concavity. We
equal this time to td = 10 s, the characteristic time for defect motion mentioned in Section
2; see also Carpio & Bonilla (2008). The ratio between [ t] and the ﬂipping time is very small
δ = ζ [ t] = 1.1033 × 10−15 . In our simulations, we have used a larger value of δ which shortens
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Fig. 6. Suspended graphene sheet containing one pentagon-heptagon defect. (a) View from
above the sheet; (b) side view showing that the atoms forming the pentagon move above the
plane of the sheet; (c) farther side view showing that there are displaced atoms above the
sheet (pentagon) and below it (heptagon). (b) and (c) show that the height of the ripples is
smaller than the vertical displacement of the atoms near the defect.
the relaxation time it takes the graphene sheet to reach a stable conﬁguration without changing
the latter.
We solve the equations of motion with the same boundary and initial conditions for the
in-plane displacement vector (u, v) corresponding to a single pentagon-heptagon defect as
explained in Section 3. We also impose that the vertical displacement w vanishes at the border
atoms and for ﬁctitious border atoms whose displacements are required when solving the
equations of motion. Figure 6 shows a suspended graphene sheet with a pentagon-heptagon
defect. At 300 K, the graphene sheet is below its critical temperature and therefore a rippled
state is stable (Bonilla & Carpio, 2011). Thus ripples similar to those observed in experiments
(Meyer et al., 2007) coexist with a local curvature near the defect as shown in Figure 6.
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5. Conclusions
We have presented a theory of defects in suspended graphene sheets based on periodized
discrete elasticity. The equations of linear elasticity are discretized on a hexagonal lattice,
written in primitive coordinates and ﬁnite differences along primitive directions are replaced
for periodic functions thereof. The latter allow for gliding of dislocations along primitive
directions because spatial periodicity along them is restored in the equations of motion.
Ignoring vertical displacement, we solve these equations numerically assuming that the initial
and boundary conditions are given by the known linear elasticity expressions corresponding
to one or several dislocations. If the equations of motion include an appropriate damping
coefﬁcient, we obtain the stable cores of the dislocations which are defects in the hexagonal
lattice. The damping coefﬁcient is ﬁtted to experiments. The stable cores predicted by our
theory have been observed in experiments.
We have also proposed a mechanism to explain ripples and curvature in suspended graphene
sheets. We assume that the local trend of the sheet to bend upward or downward is
represented by an Ising spin coupled to the carbon atoms. These spins are in contact with a
thermal bath at the lattice temperature and ﬂip stochastically according to Glauber dynamics.
Our simulations show the appearance of ripples in the graphene sheet and the local curvature
that appears near a defect, for instance near a pentagon-heptagon defect which is the core of
an edge dislocation.
This work has been ﬁnanced by the Spanish Ministry of Science and Innovation (MICINN)
under grants FIS2008-04921-C02-01 (LLB), FIS2008-04921-C02-02 and UCM/BSCH CM 910143
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