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Semiconductor superlattices are a very interesting example of a nonlinear dynamical system
with a large number of degrees of freedom. They show a strongly nonlinear behavior and they
are well suited for the observation of current instabilities. In the present work, the dynamical
behavior of undoped photoexcited superlattices has been analyzed by numerical continuation
methods and bifurcation theory within the framework of a simple drift-diffusion model. The
control parameters are the applied dc voltage and the carrier density, which are related to the
laser power. We compile our results in a phase diagram and locate the lines where the system
undergoes qualitative changes of behavior. The oscillatory regions are related to the appearance
and disappearance of Hopf tongue crossings, for which oscillations appear as sub- or supercritical
bifurcations. This implies the existence of voltage windows of current oscillations and hysteresis
in appropriate parameter ranges, which agrees with recent experimental observations.

1. Introduction

The term superlattice was proposed by Esaki and
Chang [1974] to refer to a periodic array of quan-
tum wells and barriers. They are grown by alter-
nating a few monolayers of, for example, GaAs (the
quantum wells) and AlAs (the barriers) on top of
a common substrate. During the growing process
the superlattice can be doped to produce extra elec-
trons, i.e. to change the carrier density. In this case,
the amount of extra electrons cannot be changed
once the growing process has been completed.
Another way to provide extra electrons to the su-
perlattice is by means of laser illumination. Then,
we talk about an undoped photoexcited superlattice.

The main difference is that the carrier density can
be changed externally by varying the power of the
laser illumination.

The schematic experimental setup is depicted
in Fig. 1; a semiconductor superlattice is placed
between a p–n junction, connected to a DC volt-
age bias (Φ) and illuminated by an external laser
(γ) while the time resolved current (I(t)) across the
circuit is being measured.

Depending on the number and composition of
the quantum wells, the carrier density and the
applied voltage, a device such as the one de-
scribed above may produce stable electric-field do-
main solutions [Bonilla et al., 1994], time-dependent
oscillations [Kastrup et al., 1997], and, for high
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Fig. 1. Schematic experimental setup of a photoexcited
superlattice.

temperatures, even undriven chaotic current oscil-
lations [Zhang et al., 1997]. We refer to the book
by Grahn [1995] for a comprehensive review of the
experiments and the articles by Bonilla et al. [1994]
and references therein for the theoretical aspects.

In this paper, only undoped photoexcited su-
perlattices have been considered. We investigate
the effect of the carrier density (proportional to
the square root of the laser power illumination) on
the static and dynamical properties of the system.
The analysis is done in the framework of a sim-
ple drift diffusion model proposed by Bonilla et al.
[1994].

2. Model

We consider a set of N weakly interacting quantum
wells characterized by average values of the electric
field Ej, and the carrier densities nj and pj (elec-
trons and holes, respectively), where j = 1, . . . , N
denotes the well index. This mean-field-like ap-
proach is justified due to the different time scales
involved in the transport process. For high enough
voltage bias, the scattering time within the quan-
tum wells is much shorter than the tunneling time
between adjacent quantum wells. Then, the elec-
tric carriers reach a situation of local equilibrium
between two consecutive tunneling processes.

We also assume that the lateral extension of
the wells and barriers is much larger than the to-
tal length of the superlattice. The one-dimensional
equations governing the dynamics of the system are:
Ampère’s equation for the balance of current den-
sity I (hole current is neglected), a rate equation for
the holes, the Poisson equation averaged over one
superlattice period, and the voltage bias condition.

The equations are the following

ε
dEj
dt

+ e v(Ej)nj = I (1)

dpj
dt

= γ − r nj pj (2)

Ej −Ej−1 =
el

ε
(nj − pj) (3)

l
N∑
j=1

Ej = Φ . (4)

In these equations, e, l, r and ε are the electron
charge, the superlattice period, the electron-hole
recombination rate and the effective dielectric con-
stant, respectively. The external parameters γ and
Φ represent the photogeneration rate, which is pro-
portional to the laser power, and the external volt-
age, respectively. The effective electron velocity
v(E) (proportional to the tunneling probability) ex-
hibits maxima at the resonant fields for which the
adjacent levels of neighboring wells are aligned. In
the inset of Fig. 2 we plot the function v(E) used
in the present work. Those resonances are purely
quantum mechanical phenomena that have to be
included necessarily in our, otherwise, semiclassical
model.

Fig. 2. Intensity voltage bifurcation diagram for a superlat-
tice with N = 40 for three different values of the power of
the laser.
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Equations (1)–(4) have to be solved with
appropriated initial conditions plus a boundary con-
dition. The boundary condition ε(E1−E0)/(el) = δ
represents a small charge accumulation in the first
quantum well due to the doping of the contact layer
before the first barrier.

The results presented below are in dimension-
less units by adopting E1−2 = ∆ε12/(el) as the unit
of field, with ε12 being the energy separation be-
tween the first and the second electron subbands
[the maximum of v(E)]. This yields a characteris-
tic charge density n0 = εE1−2/(el). Finally, for I, γ
and Φ the units are en0v(E1−2), rn2

0 and E1−2Nl,
respectively.

3. Results

3.1. Bifurcation diagram

In this section we study the stationary and the time
periodic solutions of our model. The stationary so-
lutions can be calculated taking advantage of the
recursive structure of the equations. This results in
the discrete mapping

Ej−1 = f(Ej; γ, I) j = 2, . . . , N (5)

with

f(E; γ, I) ≡ E − I

v(E)
+
γ

I
v(E) . (6)

The boundary condition implies the relation I =
(δ+

√
δ2 + 4γ)v(E1)/2 between I and E1. To solve

the stationary problem we fix I (or equivalently E1),
we find the profile {Ei}, i = 1, 2, . . . , N , by for-
ward iterating the map (5), and calculate the cor-
responding value of Φ by Eq. (4). Note that I is a
good scalar measure of the solution of the system,
and therefore the I −Φ curve corresponds to a sta-
tionary bifurcation diagram. In Fig. 2 we plot the
current voltage characteristics for δ = 10−3, N = 40
and three different values of γ.

A linear stability analysis reveals that for cer-
tain values of Φ and γ, multistability and hystere-
sis are present. We find three different qualitative
regimes.

• For small values of γ we have only stable uniform
solutions.
• For large values of γ we have multistability and

domain solutions.
• For intermediate values of γ and appropriate val-

ues of Φ we find self-sustained oscillations.

In Fig. 3(a) we plot the maximum value of
the current in arbitrary units as a function of the
voltage for γ = 0.02. The maximum of the cur-
rent is obtained by direct numerical simulation of
Eqs. (1)–(4). We see that the system exhibits oscil-
latory behavior in a broad range of voltage values
and that there are narrow windows with the absence

Fig. 3. (a) Amplitude of the current self-oscillations for γ = 0.02. The windows of oscillations and the subcritical bifurcation
are clearly visible. (b) Partial phase diagram for N = 40, c = 10−4. The solid lines are curves of Hopf points and the dashed
are curves of stationary saddle-nodes.
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Fig. 4. Total phase diagram. SN stands for Hopf bifurcation, SN for saddle node bifurcation, TB for Takens–Bogdanov
bifurcation, PD for period-doubling bifurcation and HOM for homoclinic orbits.

of oscillations. The electric fields at all the quan-
tum wells evolve in a coherent way and depending
on the boundary condition, several spatiotemporal
structures are possible. See [Carpio et al., 2000] for
details.

3.2. Phase diagram

In Fig. 3(b) we show the γ − Φ bifurcation set for
1 ≤ Φ ≤ 1.6. The solid thick line is the main
Hopf curve, the solid thin lines are secondary Hopf
curves, and the dashed lines correspond to curves
of saddle-node of stationary solutions. According
to this figure, there is a minimum value γH of the
parameter γ, below which there is only one station-
ary solution for each value of Φ. For γ > γH fixed,
the stationary solution loses its stability at a critical
value of Φ via a Hopf bifurcation. Then, a branch
of time periodic solutions appears. By fixing a
convenient value of γ, for instance γ = 0.02, we ob-
serve the existence of regions (windows) where time-
periodic solutions appear, followed by regions where
there are no oscillations. This agrees with recent ex-
perimental observations by Ohtani et al. [1999]. We
note that the Hopf bifurcations are either supercrit-
ical or subcritical depending on the value of γ. For
higher values of γ we find curves of saddle-node of
stationary solutions corresponding to the region of
electric-field domain solutions.

In Fig. 4 we show the total γ − Φ phase di-
agram of the system with all the curves, except
the curves of saddle-nodes in Fig. 3(b). Besides
the Hopf curves (solid thin lines) already shown in

Fig. 3(b), we observe a curve of saddle-nodes of sta-
tionary solutions (solid thick line) and a curve of
homoclinic orbits (dotted line). These three curves
are born at a Takens–Bogdanov bifurcation point
(TB). We have paid special attention to the curve
of homoclinic orbits. Away from the TB point, the
saddle could evolve to a saddle-focus, develop spa-
tial structure, and become a Šil’nikov homoclinic
orbit. In this case, we expect a rich variety of peri-
odic and aperiodic motions in its neighborhood. We
have found period-doubling bifurcations for large
values of Φ (dashed lines in Fig. 4) and this may be
a hint of a richer dynamical behavior. This point
is a significant difference with the doped case re-
ported by Moscoso et al. [2000]. However, we have
not found any signature of time-chaotic solutions.

3.3. Dependence of the frequency
on the parameter γ

In Fig. 5 we have plotted the frequency spectra
of the current self-oscillations versus the applied
bias voltage. The existence of voltage windows
of current oscillations is clearly visible. Further-
more, multistability of periodic solutions is possible
in an appropriate range of parameters. An analysis
of the dependence of the oscillation frequency on
the carrier density, which may have important con-
sequences for the applications, gives the following
scenarios.

(i) The oscillation frequency decreases with
increasing carrier density until the oscillation
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Fig. 5. Contour plot of the frequency spectrum of the oscillations for γ = 0.02 as a function of the applied voltage. The
presence of higher harmonics reflects the nonlinear character of the oscillations.

amplitude shrinks to zero at large carrier den-
sities (supercritical Hopf bifurcation).

(ii) The same behavior as in case (i), but the am-
plitude remains almost constant even at large
carrier densities, for which the oscillations dis-
appear (subcritical Hopf bifurcation). In this
case, hysteresis can be observed in the time-
averaged I–V characteristics. By sweeping up
the carrier density, the current exhibits a jump
at a certain value, while the jump occurs at a
smaller carrier density, when the sweep direc-
tion is reversed.

(iii) Before the oscillations disappear, the frequency
decreases abruptly with increasing carrier den-
sity (homoclinic connection). The amplitude of
the oscillation remains almost constant, but no
hysteresis can be observed.

4. Conclusions

In this work we have studied in detail the bifurca-
tion behavior of a drift model for an undoped semi-
conductor superlattice. Our results can be used for
a better understanding of the experimental data.
In fact, the information contained in the bifurca-
tion set (Fig. 4) can be used to design new sam-
ples and predict bifurcation scenarios. We have
shown that qualitatively different behavior can be
reached depending on the values of Φ and γ, which
are proportional to the external DC voltage applied
and the doping density in the quantum wells. The

possibility of building a tunable room temperature
GHz oscillator is of particular technological interest.

The interplay between Hopf, homoclinic and
saddle-node bifurcations gives rise to a rich phase
diagram whose details have been thoroughly inves-
tigated. The presence of domain solutions is crucial
for the disappearance of the oscillatory behavior.
The organizing centers for the long time dynamics
in a broad range of parameters are multiple Takens–
Bogdanov bifurcation points and degenerate Hopf
bifurcation points.

In conclusion, we have obtained a complete un-
derstanding of the dynamics of the model and we
have predicted new interesting dynamical phenom-
ena that could be relevant for the design of new
semiconductor devices. The presence of homoclinic
bifurcations and the possibility of temporal chaotic
solutions are still under study.
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